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Introduction, motivation
• The functional renormalization group treatment of the bilocal

potential was performed

• needs at least sixth order vertex to have a non-trivial

tree-level evolution

• unusual position of the Wilson-Fisher fixed point

• momentum dependent couplings

• compare the phase structure of the local and the bilocal potential

• calculate the energy at semiclassical level

• investigate the ground state (or vacuum) of the phases



Renormalization group
• The functional renormalization group (RG) method is a non-perturbative method in

quantum field theory.

• The RG method can elimininate the UV modes systematically and gives an IR description

of the investigated model.

The evaluation of the path integral dresses up the values of the couplings with their corrections

coming from the quantum fluctuations. The vacuum to vacuum transition amplitude is
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The path integral is performed by removing the modes one-by-one, which gives scale dependent

couplings.
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Bilocal model
• The Euclidean action for the scalar model with bilocal potential is
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• The bilocal couplings become momentum dependent

vx−ymn → vqmn



Evolution equations
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Semiclassical energy
• In Euclidean spacetime we calculate system energy from the action at semiclassical level

• We consider a plane wave form of the field variable φx = φ cos(px1) with p = ℓ 2π
L

• The classical action is
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Semiclassical energy
• The action up to sixth order is
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• The stability requires the condition c > 0

• Zeros

φ0 = 0

φ0 =
−b±

√
b2 − 2ac

c

• single zero

a > 0, b > 0

a < 0, b2 < 2ac



Zeros
one negative and one positive zeros:

a < 0, b2 > 2ac
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• the minimum of V [φ2]

continuously tends to zero

• second order phase transition

two positive zeros:

a > 0, b < 0, d ≡ b2 − 8ac/3
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Local potential

Tree level evolution
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• 3d φ4 model

• symmetric phase

• broken symmetric phase(s)

• tricritical point



Local potential

Finite initial values for g̃2(Λ) and for g̃4(Λ)
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• Wegner-Houghton equation (evolution of the Wilsonian action)

• symmetric phase

• broken symmetric phases, singularity in the IR (k2 + g2 → 0)

• Gaussian, Wilson-Fisher fixed points



Local potential

Trajectories around the origin
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• solid line: symmetric phase

• dashed line: broken symmetric phase singularity

• dotted line: broken symmetric phase instability (c < 0)



Local potential

The phase space
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Bilocal potential

Tree level evolution
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Bilocal potential

The phase space
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• instability, no singularity

• the Wilson-Fisher fixed point is situated around the instability



Inhomogeneous vacuum
• trivial vacuum

symmetric phase: 〈φ〉 = 0

• homogenenous vacuum

broken symmetric phase: 〈φ〉 6= 0

• singularity point: g̃∗2 = −1, g̃∗4 = 0, g̃∗6 = 0 (IR Landau pole)

• tree level RG is needed to follow the evolution

• inhomogeneous vacuum

• when d > 0 (two positive zeros) then S[φ0] < S[0]

• the energy is momentum dependent, S[φ0(q)] ≡ S[q]

• how does it depend on q?

• if it has nontrivial minimum at finite q

→ then we have an inhomogeneous vacuum



Inhomogeneous vacuum
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Inhomogeneous vacuum
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Outlook

• map out the phase structure for the bilocal model with more couplings

• CTP RG equation beyond tree level
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