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EXCLUSIVE REACTIONS AT LARGE MOMENTUM TRANSFER

(hard exclusive reactions)

↓
HARD-SCATTERING PICTURE

(Brodsky, Lepage; Efremov, Radyushkin; . . . (’80))

factorization of short and long distance dynamics

↙ ↘

(elementary)
hard-scattering

amplitude

hadron
distribution amplitudes︸ ︷︷ ︸

hard-scattering amplitude

Index



STANDARD APPROXIMATIONS:

(on an example of flavour-nonsinglet meson: π)

I |π〉 → |qq〉+ |qqg〉 + · · ·

I collinear approximation:

pq = x p, pq = (1 − x) p

(0 < x < 1 → longitudinal momentum fraction)

xp

(1-x)p

π
p

I mq = mq = 0 ,mπ = 0

CONVOLUTION FORMULA:

M(Q2) =

∫ 1

0
[dx] TH(xj, Q

2, µ2
F)

∏
hi

Φhi
(xj, µ

2
F)

[dx] =

nhi∏
j=1

dxj δ(1 −
nhi∑
k=1

xk)
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Example: PHOTON-TO-PION TRANSITION FORM FACTOR Fπγ(∗)

γ∗(q1, µ) γ(∗)(q2, ν) → π(p) ,

−q2
1 = Q2 �

Γµ = i e2 Fπγ(Q
2) εµναβ q1αq2β εν(q2)

in the standard hard-scattering picture:

Fπγ(Q
2) = TH(x,Q2, µ2

F) ⊗ Φ(x, µ2
F)

A(x) ⊗B(x) =
∫ 1
0 dxA(x)B(x)

µ2
F · · · factorization scale

Index



TH . . . process–dependent

(ELEMENTARY) HARD SCATTERING AMPLITUDE (HSA)
⇑

PQCD

γ∗ γ → qq

q1

q2

γ*

γ

xp

(1-x)p

TH(x,Q2) = T
(0)
H (x,Q2) +

αS(µ
2
R)

4π
T

(1)
H (x,Q2, µ2

F)

+
α2
S(µ

2
R)

(4π)2
T

(2)
H (x,Q2, µ2

F , µ
2
R) + · · ·

µ2
R . . . renormalization scale

Index



leading order (LO)

A

u P

(1-u) P

q

k

1

2

3

B

(1-u) P

u P

q

k

next-to-leading order (NLO)
A11 A22 A33

A23 A13 A12

↙
UV singularities → coupling constant (αS) renormalization ⇒ µ2

R

collinear singularities → factorization ⇒ µ2
F

Index



Φ . . . process–independent pion

DISTRIBUTION AMPLITUDE (DA)
defined in terms of the matrix ele-
ments of composite operators:
〈0|Ψ(−z)γ+γ5ΩΨ(z)|π〉

⇑
form: (nonperturbative) input at scale µ2

0 → Φ(x, µ2
0)

evolution to scale µ2
F : PQCD ⇒ Φ(x, µ2

F)

↓
Φ(x, µ2

F) = φV (x, y, µ2
F , µ

2
0)︸ ︷︷ ︸⊗Φ(y, µ2

0)

↓ (resummation of (αS ln(µ2
F/µ

2
0))

n terms)
µ2
F

∂

∂µ2
F

φV = V ⊗ φV · · · evolution equation

evolution kernel: V =
αS(µ

2
F)

4π
V1 +

α2
S(µ

2
F)

(4π)
V2 + · · ·

Index



Solution of the DA evolution equation:

Φ =
fπ

2
√
2Nc

φ fπ = 0.131 GeV . . . pion decay constant
∫

1

0
dx φ(x, µ2

F) = 1

φ(x, µ2

F) = 6x(1− x)

[

1 +
∞
∑

n=2

′Bn(µ
2

F) C3/2
n (2x − 1)

]

C3/2
n . . . Gegenbauer polynomials

→ eigenfunctions of the LO evolution equation

Bn(µ
2

F) = BLO
n (µ2

F) +
αS(µ

2

F)

4π
BNLO

n (µ2

F) + · · ·

BLO
n (µ2

F) = Bn

(

αS(µ
2

0
)

αS(µ2

F)

)γn/β0

(≤ Bn)

Index



Exclusive processes at higher-orders

Explicitly calculated higher-order corrections to exclusive processes:

(dimensional regularization, MS renormalization scheme)

� PHOTON-TO-π (η, η′) TRANSITION FORM FACTOR

γ∗ γ → π0(η, η′)

Fπγ(Q
2) = F (0)

πγ (Q2)+
αS(µ

2
R)

4π
F (1)
πγ (Q2)+

α2
S(µ

2
R)

(4π)2

[
β0 F

(2,β0)
πγ (Q2, µ2

R) + · · ·
]
+· · ·

LO:
(2 diagrams)

NLO:
(12 one-loop diagrams)
Aguila, Chase (1981); Braaten (1983); Kadantseva, Mikhailov, Radyushkin (1986);

Kroll, Passek-Kumerički (2003) [η, η′: two-gluon states – 6 more diagrams]

β0-proportional NNLO:
(12 two-loop diagrams)
Melić, Nižić, Passek (2002)

Index



� PION ELECTROMAGNETIC FORM FACTOR

γ∗ π+(−)→ π+(−)

Fπ(Q
2) =

αS(µ
2
R)

4π
F (1)
π (Q2) +

α2
S(µ

2
R)

(4π)2
F (2)
π (Q2, µ2

R) + · · ·

LO:

(4 diagrams)

�

��

�

�

�

�

�

��

� �

�

�

� 	

γ∗(q1q̄2) → (q1q̄2)

NLO:
(62 one-loop diagrams)
Field, Gupta, Otto, Chang (1981); Dittes, Radyushkin (1981); Sarmadi (1982);

Khalmuradov, Radyushkin (1985); Bratten (1987);
Kadantseva, Mikhailov, Radyushkin (1986);
Melić, Nižić, Passek (1999)

Index



� PION PAIR PRODUCTION

γ γ→ π+π−

M(s, t) =
αS(µ

2
R
)

4π
M

(1)(s, t) +
α2

S
(µ2

R
)

(4π)2
M

(2)(s, t, µ2
R
) + · · ·

LO:
(20 diagrams) γγ → (q1q̄2)(q2q̄1)

NLO:
(454 one-loop diagrams)
Nižić (1987), Duplančić, Nižić (2006)
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NOTE: related (sub)processes with nucleons

GPD... generalized parton distribution

Deeply virtual Compton scattering (DVCS)

P1

GPD
P2

γ∗ γ∗

(double) DVCS

γ∗p → γ∗p

P1

GPD

P2

γ∗ γ

spacelike DVCS
γ∗p → γp

P1

GPD
P2

γ∗γ

timelike DVCS
γp → γ∗p

P1

GPD
P2

γ∗

M

Deeply virtual production of mesons (DVMP)
more difficult, but access to flavours

γ∗p → Mp
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Hard-scattering amplitudes (meson form factors vs. deeply
virtual processes on nucleons)

Meson transition form factor DVCS

γ∗γ → (qq̄), γ∗γ → (gg) γ∗q → γq, γ∗g → γg

meson DA

M

meson DA

M

GPD

p p

GPD

pp



Introduction Pion transition form factor eta, eta′ transition form factors f0(980) transition form factor Conclusions and outlook

Hard-scattering amplitudes (meson form factors vs. deeply
virtual processes on nucleons)

Meson em form factor DVMP

γ∗(qq̄)→ (qq̄) γ∗q → (qq̄)q, γ∗g → (qq̄)g

meson DA

M

meson DA

M

meson DA

M

GPD

p p

meson DA

GPD

M

p p
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Pion transition form factor

Fπγ(Q2) = F (0)
πγ (Q2) +

αS(µ2
R)

4π
F (1)
πγ (Q2) + · · ·

µ2
R = µ2

R(Q2) . . . renormalization scale

power law (1/Q2) and logarithmic corrections

Fπγ(Q2 →∞) =

√
2fπ
Q2

⇐ perturbative QCD

Fπγ(Q2 → 0) =

√
2

(4π2)fπ
⇐ Γ(π0 → γγ), axial anomaly

fπ = 0.131 GeV



Numerical predictions for Fπγ(Q2)

LOCZ

NLOCZ  (µR

2
=Q

2
)

NLOCZ  (µ
2

R=µ2

BLM)
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(µ2
BLM)as ≈ Q2/9 , αS ≤ 0.5 for Q2 > 4 GeV2 !

(µ2
V )as ≈ Q2/2
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Numerical predictions for Fπ(Q2)
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CZ

• µ2
R = Q2: NLO corrections large (< 30(50)% for Q2 > 500(10) GeV2)

• µ2
R = (µ2

BLM)as ≈ Q2/106: very small scale ! ⇒ αS large
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Experimental situation
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Fits
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DAs
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What about BaBar ’09 data?

Example:
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On fits, on literature...

How much can the fits tell us?

at most two coefficients to be determined

⇑
tff contribution is fractional polynomial(s) in t = αS(Q2)
variable with the range 0.2 < t < 0.4, large correlations

Impact of tff results on literature:

Round 1: a number of papers trying to accommodate BABAR
’09 results, eg. flat DA [Radyuskin ’09, Polyakov ’09] . . .

Round 2: no definitive proof (neither from experimental nor
theoretical side) but BELLE ’12 results favoured in the
literature



Topi of the talk:

HARD EXCLUSIVE REACTIONS involving � and �

0

Valene FOCK omponents of M = �; �

0

:

jq�q

8

i = j(uu+ dd� 2ss)=

p

6i (avour-otet)

8

<

:

jq�q

1

i = j(uu+ dd+ ss)=

p

3i (avour-singlet)

jggi

Novel features:

avour-mixing

(( SU(3)

F

broken, U(1)

A

anomaly )

ontribution of the jggi states and

mixing of singlet and gluon DAs under evolution

(review: Feldmann (2000))
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!
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!
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!

(Terentev; Ohrndorf; Baier, Grozin; Shifman, Vysotsky (1981);

Bl�umlein et al.(1997); Belitsky, M�uller (1998, et al. 1999)

! di�erent onventions (some disrepanies)
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We adopt:
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the partile dependene and the avour-mixing is solely

embedded into the deay onstants f

i

M
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sin �
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(Leutwyler (1998), Feldmann, Kroll, Steh (1998,'99))
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SOLUTIONS OF THE DA EVOLUTIONAL EQUATION:

�

M1

� �

Mq

=

f

M1

2

p

2N

C

�

M1

; �

Mg

=

f

M1

2

p

2N

C

�

Mg

R

1

0

dx �

M1

(x; �

2

F

) = 1 ( �

M1

(x; �

2

F

) = �

M1

(1� x; �

2

F

)

R

1

0

dx �

Mg

(x; �

2

F

) = 0 ( �

Mg

(x; �

2

F

) = ��

Mg

(1� x; �

2

F

)

B

1

Mn

(�

2

F

)=f(B

1

Mn

(�

2

0

); B

g

Mn

(�

2

0

); �

S

(�

2

F

); 

ij

n

)

B

g

Mn

(�

2

F

)=g(B

g

Mn

(�

2

0

); B

1

Mn

(�

2

0

); �

S

(�

2

F

); 

ij

n

)

�

M1

(x; �

2

F

)=6x(1� x)

"

1 +

1

X

n=2

0

B

1

Mn

(�

2

F

) C

3=2

n

(2x� 1)

#

�

Mg

(x; �

2

F

)=x

2

(1� x)

2

1

X

n=2

0

B

g

Mn

(�

2

F

) C

5=2

n�1

(2x� 1)

�

2

0

: : : initial sale

NOTE: freedom in the de�nition of the gluon DA
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HARD-SCATTERING AMPLITUDE
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FIT TO THE γ∗γ → η,η′ DATA

n = 2
µ2

0 = 1 GeV2

(for π:

Diehl, Kroll, Vogt (2001)

B2 = −0.06 ± 0.03)
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Experiments and fits
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Flavour singlet and flavour nonsinglet analysis
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Description of glueballs

pseudoscalar glueballs in the

hard-scattering approach

→ Wakely, Carlson (1992):















• two-gluon DA obtained from QCD sum rules

• the results applied to γγ → Gπ

• mixing with qq̄ states and evolution neglected

Mixing of gg and qq̄1 under evolution !

ΦP (S)1 =
fP (S)1

2
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φP (S)1 , ΦP (S)g =
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SCALAR CASE:
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f0(980) transition form factor (experiment and fits)

0 5 10 15 20 25 30
Q2[GeV2]0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Q2 Ff0 γ

f0(980) transition form factor

(BELLE15; f1=0.4 GeV)

BELLE ’15 (black)

LO (green)

NLO (red)



Introduction Pion transition form factor eta, eta′ transition form factors f0(980) transition form factor Conclusions and outlook

Conclusions and outlook

at the moment two contradicting sets of experimental data
exist for the simplest exclusive process (pion transition form
factor)

the question of the form of pion DA is thus still open (more
than before)

fits inconclusive and cannot be improved significantly but
should be tested on other processes (pion em form factor)

η, η′ transition form factor reexamined and first results on the
scalar meson f 8

0 obtained

a number of recent proposals for pion DA in the literature

BELLE II data (2018?) expected to shed more light
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Thank you! Köszönöm!


