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Renormalization of bilocal potentials

TRADITIONAL RG

The functional renormalization group technique (RG) is used to find the
relevant interactions and describe the phase structure of various models.

This method enables us to remove the degrees of freedom of a physical
system successively.

The traditional RG technique

It is based on the scale invariance of the transition amplitude between an in
and an out (pure) states.

The blocking transformation takes into account only the contributions of the
pure states.
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Motivation, CTP (SCHWINGER-KELDYSH) FORMALISM

We can take into account the contribution of the mixed statesÑ Closed
time path (CTP, Schwinger-Keldysh ) formalism

CTP:

generating functional:

Zrj`, j´s “ TrrUpt f , ti; j`qρiU:pt f , ti;´j´qs

we can consider expectation values

initial stateÑfinal state (reflected)Ñ initial state

reflectionÑ closed path and nontrivial connection between the two time
axes

interaction between the time axesÑ non-local potential

Ñ Bilocal potential
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MOTIVATION AND THE BILOCAL POTENTIAL

bilocalityÑ two well separated pointsÑmore general treatment

the difficulty: momentum dependent bilocal couplings

motivation: CTP Minkowski formalism containing bilocal potential

STP bilocality has not been investigated yet.

Our main goal is to get the evolution equation for the bilocal potential
and investigate the phase structure.

We use Euclidean formalism.
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INVESTIGATION OF THE BILOCAL POTENTIAL IN TRADITIONAL RG

STP bilocality
nontrivial saddle point evolution
separation of the evolution of the bilocal potential into a saddle point and the
loop contributions
find a self-consistent system of flow equation for a closed set of the couplings
momentum dependent bilocal couplings
use Wegner-Houghton equation
determine the evolution of the bilocal potential beyond the tree-level
approximation
investigate the phase structure
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BILOCAL POTENTIAL IN TRADITIONAL RG

The model: 3d φ4

The Euclidean action

S “
1
2

ż

x
φxD´1

0 φx `

ż

x
Upφxq `

ż

xy
Vx´ypφx, φyq

Local potential:

Upφq “
8
ÿ

n“0

gn

n!
φn

Bilocal potential

Vx´ypφ1, φ2q “
ÿ

mně1

vx´ymn

m!n!
φm

1 φn
2

Vx´ypφ1, φ2q “ Vy´xpφ2, φ1q
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WH EQUATION

We use Wegner-Houghton equation

φ is separated into two terms: φ Ñ φ` ϕ Ñ sharp cutoff

φ denotes the IR component , that is non-vanishing for 0 ă |p| ă k´ ∆k

ϕ stands for the UV term , that is non-vanishing for k´ ∆k ă |p| ă k

The elimination of the UV modes

e´
1
h̄ Sk´∆kpφq “

ż

Drϕse´
1
h̄ Skrφ`ϕs

Evolution equation

Sk´∆kpφq “ Skrφ` ϕ0s `
h̄
2

Tr ln
δ2Skrφ` ϕ0 ` ϕs

δϕδϕ |ϕ“0
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WH EQUATION

We consider the evolution equation at φx “ Φ` χx

where Φ and χx denote a homogeneous and a generic, infinitesimal,
inhomogeneous IR field.

The form of the action up to Opϕ2
xq term

Srϕ2
xs “

1
2

ż

xy
ϕxD´1

x´y ϕy `

ż

x
Lx ϕx,

where the inverse propagator on the inhomogeneous IR field is

D´1
xy “ D´1

0x´y ` δxyrU2pχq ` 2B2
1Vx´ypχx, χyqs ` 2B1B2Vx´ypχx, χyq

and

Lx “ U1pχxq ` 2
ż

y
B1Vx´ypχx, χyq

we set Φ “ 0
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WH EQUATION

Opχ0
xq tree-level contributions

Opχ2
xq fluctuations

ϕ0x denotes the saddle point,

ϕ0x “ ´

ż

y
DxyLy

The corresponding tree-level change of the action is

∆St “ ´
1
2

ż

xy
LxDxyLy
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BILOCALITY AND TREE-LEVEL

Bilocal potential and tree-level:
STP euclidean: there is a tree-level evolution
Ñ there is a non trivial saddle point
Ñ it is bilocal, we can follow its evolution. The evolution of the saddle point
is determined by the tree level evolution.

Local potentialÑwe have tree-level evolutionÑWe can not follow the
evolution of the saddle point.

Bilocal potentialÑwe have tree-level evolutionÑwe can follow the
evolution of the saddle point.
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WH EQUATION AND TREE-LEVEL

RG equation: Wegner-Houghton equation

Wegner-Hougton equation

sharp cutoff

we can linearize the evolution
equationÑsaddle point
Ñwe have tree-level evolution
Ñwe can determine the saddle point

Wetterich equation

smooth cutoff

we can not linearize the evolution
equation
Ñdifficult numerical problem
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EVOLUTION OF THE LOCAL AND BILOCAL POTENTIAL

Evolution equations:

Local couplings

9g2 “ ´α3k3 g4

ω2
k
´ 2 9v011

9g4 “ ´α3k3 g6

ω2
k
` α3k3 3g2

4
ω4

k
´ 6 9v022

9g6 “ α3k3 15g4g6

ω4
k

´ α3k3 30g3
4

ω6
k

where
ω2

k “ k2 ` g2 ` 2vk11, αd “
Ωd

2p2πq2

Bilocal couplings

Tree-level evolution:
9vq33 “

k
2ω2

k
g2

4δk,q

Loop evolution:

9v011 “ ´2α3
k3

ω2
k

vk22

9v022 “ ´2α3
k3

ω2
k

vk33

9vq11 “ ´
α2
π

k
ω2

k

ż

p
vp22

9vq22 “ ´
α2
π

k
ω2

k

ż

p
vp33
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COUPLINGS

Momentum dependent tree-level bilocal coupling:

9vq33 “
k

2ω2
k

g2
4δk,q

vq33 Ñwe should include the evolution of g6

local potentialÑ quartic coupling

bilocal potentialÑ at least the sixth order couplings needed to get the
evolution

closed system of couplings
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RESULTS

Phase diagram:

Local potential
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Bilocal potential
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2 fixed points: Gaussian and Wilson-Fisher fixed points
2 phases: the symmetric and the broken symmetric phases
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RESULTS

Fixed points
Local potential:

Gaussian fixed point:

g̃˚
2 “ 0, g̃˚

4 “ 0, g̃˚
6 “ 0

Wilson-Fisher fixed point:

g̃˚
2 “ ´

1
3

, h̄l g̃˚
4 “

16π2

9
, h̄2

l g̃˚
6 “

256π4

27

Bilocal case: (tree-level) (h “ h̄b{h̄l)
Gaussi fixed point:

g̃˚
2 “ 0, g̃˚

4 “ 0, g̃˚
6 “ 0

Wilson-Fisher fixed point:

g̃˚
2 “ ´

1
3´ 12h

, h̄l g̃˚
4 “

16π2p1´ 6hq
9p1´ 4hq2

, h̄2
l g̃˚

6 “
256π4p1´ 6hq

27p1´ 4hq3

significant difference between the local and bilocal cases
non-continuous transition (0 ď h ď 1)
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Outlook
S. Nagy, J. Polonyi, and I. Steib, Bilocal Euclidean scalar field theory, in prep.

semiclassical vacuum

CTP loop corrections
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Thank you for your attention!
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